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Abstract
A compact, few-parametric, physically adequate, 3-term variational trial function is used to
calculate with high accuracy the energy of the ground state 3Πu of the hydrogen molecule H2 in
strong magnetic field B in the range 5× 1010G ≤ B ≤ 1013G. The nuclei (protons) are assumed
as infinitely massive (BO appproximation of zero order) and situated along the magnetic field line
(parallel configuration).
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I. INTRODUCTION
It is well known that as a consequence of the compression of the magnetic field flux during
a supernova explosion, the extremely compact remnant object called neutron star [1, 2] can
be formed having enormous magnetic fields on its surface. Typically the surface magnetic
fields observed for neutron stars are in range B = 1010 − 1012G but can reach ∼ 1016G for
magnetars. Some neutron stars are characterized by the atmosphere - a few-centimeters-
thick transition domain from nuclear densities to vacuum. Content of the atmosphere is one
of the interesting open questions. It can be made from electrons, protons, α-particles and
even heavier nucleus, which can be condensed into atomic-molecular type systems in spite
of high surface temperature ∼ 104−5K. The simplest scenario is when the atmosphere is
made from electrons and protons thus leading as the result of condensation to a formation
of hydrogenic species.
It is well known that under a strong magnetic field, the structure of atoms and molecules is
essentially modified: they loose their traditional, field-free forms becoming more bound and
more compact with magnetic field increases, the electronic cloud gets a pronounced cigar-
like form, and eventually the nucleus are aligned on the magnetic line, leading possibly to
formation of finite chains, with all electron spins antiparallel to the magnetic field direction
(see [3], [4] for a qualitative description and [5], [6], references therein, for quantitative
calculations). The striking property of matter in strong magnetic fields is the existence of
exotic systems for sufficiently large magnetic field. A complete description of exotic atomic
and molecular systems of one-two electrons which appear for magnetic fields, B . BSchw =
m2c2/e~ = 4.414 × 1013G, where the non-relativistic consideration holds, can be found at
[5] and [7], respectively, see also [8].
Among hydrogenic species (H-atom, H+2 , H
+
3 , H
− etc) the hydrogen molecule H2 plays
prominent role due to its numerous appearances on the Earth: it is the simplest stable
diatomic molecule. In weak magnetic fields B . 0.1 a.u. (1 a.u. ≡ 2.35 × 109G) the
ground state remains the spin-singlet state 1Σg in the parallel configuration. Nonetheless,
the ground state evolves as a function of the magnetic field strength in such a way that for
magnetic fields in the range 0.18 . B . 12.3 a.u. the minimal energy state is realized by the
(unbound) repulsive state 3Σu, see [9], it is represented by two hydrogen atoms in its ground
states situated inifinitely far away from each other with spins antiparallel to magnetic field.
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Eventually, for magnetic fields larger than B & 12.3 a.u. (∼ 3 × 1010 G) the molecule H2
reappears as a stable system in the spin-triplet state 3Πu.
It is worth mentioning that in the regime of strong magnetic fields B & 1011G, the
hydrogen molecule H2 has been explored sparsely. Following the recent paper about 3-
electron finite hydrogenic chains H3, H
−
2 [6], it is clear that accurate study of the hydrogen
molecule H2 in domain B ∼ 2 × 10
11G plays important role to understand their stability.
Aim of this paper is study the hydrogen molecule H2 in the state
3Πu in a strong magnetic
field in framework of the same variational method with compact trial function in the form of
linear superposition of 3 terms. This trial function will allow us to check convergence with
number of terms.
II. THE HAMILTONIAN AND GENERALITIES
The Hamiltonian of the hydrogen molecule H2 subject to uniform magnetic field B parallel
to the molecular axis (coinciding with z-axis), which connect two infinitely massive nuclei,
is given by
H = −
2∑
i=1
(
1
2
∇2i +
∑
η=A,B
1
riη
)
+
1
r12
+
B2
8
2∑
i
ρ2i +
B
2
(Lz + 2Sz) +
1
R
, (1)
when written in atomic units ~ = e = me = c = 1, where ∇i with i = 1, 2, represents the
3-dimensional vector of the momentum of the i-th electron. Terms − 1
riη
and 1
r12
are the
Coulombic interactions between electron-nucleus (nuclei denoted as η = A,B) and electron-
electron, respectively, where riη is the distance between i-th electron and nucleus η, and r12
is the distance between electrons. In turn, the term 1
R
is the classical repulsion between
the (fixed) nuclei. In Hamiltonian (1) the symmetric gauge (A = 1
2
B × r) was chosen and
therefore it includes the standard linear Zeeman term 1
2
B · L and diamagnetic terms B
2
8
ρ2i ,
where ρ2i = x
2
i + y
2
i . The spin-Zeeman term
g
2
B · S, is also included (with g-factor, g = 2).
The conserved quantities of the system are following: i) the projection Lz of the total
electronic angular momentum on the internuclear axis, giving rise to the magnetic quantum
number M , ii) S2 of the total electronic spin (S = 0, 1). iii) the projection Sz of the total
electronic spin on the internuclear axis iv) the z-parity (σ = ±1) with respect to z → −z.
These conserved quantities characterize the state of the molecule leading to the standard
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spectroscopic notation 2S+1(M)pi, where pi = ±1 is the parity of the molecule pi = σ(−1)
M ,
which is denoted as g/u for positive/negative parity. The magnetic quantum number
M = −1 corresponds to Π state.
III. THE METHOD
Following the physical relevance arguments described in [5, 10] the basic trial function is
designed as a product of Landau orbitals, Slater orbitals for each electron-nucleus pair and
correlation factor in exponential form,
ψ(r1, r2; {α}, {β}) =
2∏
k=1
(ρ
|mk |
k e
imkφke−αkArkA−αkBrkB−
Bβk
4
ρ2k) eα12r12 (2)
where αkA,kB, βk with k = 1, 2 as well as α12 are non-linear variational parameters which have
a physical meaning of screening (or anti-screening) factors (effective charges). The variables
φk, k = 1, 2 in (2) are the azimuthal angles of the position vector of each electron around the
magnetic field line and mk are the individual magnetic quantum numbers (m1 +m2 =M).
Thus, we use a trial function which is a superposition of three terms of the type (2):
Ψ = A1ψ1 + A2ψ2 + A3ψ3 , ψi = ψ(r1, r2; {α
(i)}, {β(i)}) , (3)
where A1,2,3 are linear variational parameters, and each function ψi has its own set of non-
linear variational parameters α
(i)
kA,kB, β
(i)
k , α
(i)
12 . In principle, each ψi can describe a certain
physical situation (see [11, 12] for details). Without loss of generality A1 = 1, therefore the
total number of variational parameters is 24 including the internuclear distance R which is
treated as an additional variational parameter. Since the state of interest is 3Πu - it is of
total spin S = 1 and parity σ = 1, the following symmetrizer
(1 + PˆAB)(1− Pˆ12) , (4)
must be applied to each configuration (2) in (3). Here, PˆAB stands for the operator of
permutation of nuclei, and Pˆ12 is the operator of permutation of the electrons.
As a first step, a single function ψ1 (2) is used as a trial function. The process of
minimization then leads to a configuration of parameters corresponding to the dominant
bonding mechanism. In the next step, a second function ψ2 (2) is added to the first function
ψ1. This time, by keeping parameters of ψ1 fixed the process of minimization determines the
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subdominant bonding mechanism defining ψ2. Then the parameters of ψ2 are fixed and the
parameters of ψ1 readjusted. This process of fixing and releasing is repeated several times
until convergence is reached. A similar procedure is performed when the third function ψ3
is added to the linear superposition of ψ1,2 (3). The trial function (3) is essentially the
generalization of the linear superposition used in [12] to study the ground state 1Σg of the
molecule H2 as well as for H
+
3 [13] in the field-free case and [14], [11] in the presence of
a magnetic field. It is important to note that after making minimization the variational
parameters vs magnetic field strength are smooth slow-changing functions.
IV. RESULTS
The energies and the equilibrium distances of H2 in the
3Πu state obtained using the
superposition of 3 configurations (3) are presented in Table I for magnetic fields in the range
5 × 1010 ≤ B ≤ 1013G. For illustration of convergence with number of configurations, we
present the variational results obtained with 1, 2, 3 configurations. The results available in
the literature [9, 15, 16] are included for comparison.
Qualitatively, one can observe that the molecule H2 with a magnetic field growth becomes
more bound (the binding energy increases) and more compact (the internuclear equilibrium
distance decreases). For all values of the magnetic field the energy reduces when one more
configuration is added to the superposition (3) demonstrating convergence. Calculations
show that by adding the second configuration to the first one reduces energy to 0.6− 0.8%,
while adding the third configuration reduces energy by 0.1 − 0.2%. It indicates that the
energy converges rapidly with number of configurations in the linear superposition (3),
similar rate of convergence was observed in [5, 6, 12]).
Our variational energies for magnetic fields 50 and 100 a.u differ from the most accurate
ones available at present [9] in ∼ 0.7% obtained using very large basis of 1700− 3300 non-
orthogonal optimized non-spherical Gaussian atomic orbitals. Note that the basis set of 207
terms the smaller than one used in [9] was previously established in [17] to study the singlet
ground-state 1Σg of H2 molecule in field-free case. Notably, such a basis turns out to yield
much less accurate energies than those obtained using a compact trial function for the state
1Σg similar to (3), see [12], and similarly for weak magnetic fields, see [11]. On another
side, our total variational energies give comparable or lower values than those obtained
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by a multiconfigurational Hartree-Fock method [15] for magnetic fields B < 2 × 1012G.
However, for stronger magnetic fields the energies obtained by the Hartree-Fock method
appear to be slightly lower than our variational energies, see Table I, the difference occurs
in the 4th figure. However, it is worth mentioning that in the later study [16], but using
a multiconfigurational Hartree-Fock method, only three figures of their previous energies
were confirmed. It is probable that the last digit in the energies presented in [15] was
overestimated by the Hartree-Fock method.
V. CONCLUSIONS
Accurate variational calculations were carried out for the hydrogen molecule H2 with
static protons for the state 3Πu subject to a magnetic field parallel to the molecular axis. The
domain of magnetic fields studied was 5×1010−1013G. It was shown that a 3-term compact
trial function built up with physically relevant functions is already enough to provide 2-3
s.d. in energy for all magnetic fields which were studied. These results are comparable to
energies obtained using larger basis sets. Note that highly accurate results for the energy of
the H2 molecule are necessary to explore the stability of finite hydrogenic chains in strong
magnetic fields since the H2 molecule can be present in various dissociation channels like
H3 → H2 + H or H4 → H2 + H2 etc. This study concludes studies of hydrogenic species
needed to proceed to construct a model of hydrogenic atmosphere for neutron stars with
surface magnetic field . 1012G.
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